The torque behavior of an outer-rotor surface-mounted permanent-magnet machine is improved by identifying seven pertinent design variables, including rotor height. The optimal design variables are revealed by analyzing 18 experiments determined by the Taguchi method for the minimum torque ripple, minimum total harmonic distortion of the induced voltage, and maximum average torque. In addition, the optimal design variables are obtained very quickly by using gray relational analysis based on the Taguchi method with the single response of the gray relational grade instead of multiple responses. A considerable amount of multiresponse improvement is achieved according to the results of the two optimizations. Performance improvements of 20.6%, 32.0%, and 24.5% are obtained for the average torque, the torque ripple, and the total harmonic distortion of the back-EMF, respectively.
Introduction
Recently, considerable interest has arisen in permanent-magnet synchronous machines (PMSMs) that have no rotor windings, resulting in lower copper losses. However, PMSMs suffer from high torque ripple, cogging torque, and large unbalanced magnetic forces. There has been much research on slot and permanent-magnet (PM) designs. These include designing the slot opening to minimize the torque ripple [1] ; studying the influence of slot-opening width, pole-arc coefficient, magnet thickness, and air-gap size on electromotive force (EMF) harmonics [2] ; varying the width of the magnet poles to minimize the cogging torque [3] ; showing the significant effects of pole-arc coefficient, eccentricity, and magnet shape on the harmonic content and cogging torque [4] ; increasing the PM offset without significant reduction in back-EMF and motor efficiency [5] ; and determining the optimal split ratio for an external-rotor PMSM [6] .
Some studies have used the Taguchi method. These include maximizing output power and efficiency (8 design parameters, 18 experiments) [7] ; optimizing cogging torque and efficiency (5 design parameters, 16 experiments, including fuzzy logic) [8] ; optimizing torque ripple, efficiency, and torque-to-magnet-volume ratio (8 design parameters, 18 experiments, including fuzzy logic) [9] ; optimizing efficiency and average torque to torque ripple factor (5 design parameters, 16 experiments, including fuzzy logic) [10] ; and optimizing average torque, torque ripple, and the ratio of torque ripple to average torque (4 design parameters, 9 experiments) [11] . * Correspondence: yozoglu@istanbul.edu.tr Most studies do not discuss the effect of design parameters on the torque behavior. However, it is important to determine the design variables that will be used in the optimization process. The primary focus of the present study is the effect of design parameters on the torque behavior of a surface-mounted permanent magnet (SPM) machine. The optimal range of design parameters is determined before the optimization process.
In addition, the main dimensions of an SPM machine (i.e. the stator and rotor heights) were not considered in previous optimization studies [7] [8] [9] [10] [11] . Hence, the present study considers the effects of stator and rotor height on the torque behavior. Seven design variables, including the rotor height, are considered here.
A different set of optimal levels must be obtained for each response (average torque, torque ripple, and total harmonic distortion (THD)) to determine the optimal levels of design parameters based on a single response in a multiresponse problem. Gray relational analysis is used with the Taguchi method to combine the multiple responses into a single response and then obtain the optimal levels very quickly.
Torque performance corresponding to design parameters
In this study, an SPM machine with an outer rotor (OR) is selected for study. The geometry of this OR-SPM machine is shown in Figure 1 , and its performance parameters are given in Table 1 . The important performance values that were obtained by simulating the OR-SPM machine as a two-dimensional finite-element model are given in Table 2 as reference performance values that are used for comparison with the optimization results. ANSYS Maxwell software was used for the finite-element analysis. These values are used as the multiple response/performance characteristics of the optimization process. Previous studies have tended to overlook the effect of design parameters such as the stator and rotor heights, slot opening, and magnet dimensions on the torque behavior. Hence, the primary goal here is to improve the torque behavior of the OR-SPM machine under consideration by focusing on the influence of such design parameters. The relevant design parameters are the stator height (H s ) , the rotor height ( H r ), the air-gap length ( g), the magnet-arc to pole-pitch ratio (K m ) , the magnet thickness ( T m ) , the magnet offset ( O m ), the slot-opening width ( b s0 ) , and the slot-opening height (h s0 ). All these design parameters are marked on the geometry of the OR-SPM machine shown in Figure 2 , and their reference values are given in Table 1 . The slot number of an OR-SPM machine is selected as Q s = 24. Additionally, the fundamental winding factor is chosen as k w1 = 0.866. In this case, the value of slot/pole/phase and the pole number are respectively equal to 0.5 and 16. A double-layered concentrated winding in this study is chosen. The winding layout of the OR-SPM machine is performed to provide the given value of slot/pole/phase. The concentrated winding layout is used The torque ripple ( T rip ) is defined as:
where T rms and T avg are the root-mean-square of the ripple component and average values, respectively, of the instantaneous torque. The variations in the average torque and the torque ripple with each of the design parameters were obtained by analyzing the finite-element model. The outer diameter of the OR-SPM machine was kept constant during this process. These variations are shown in Figure 3 . The torque behavior (i.e. the average torque and the torque ripple) is extremely sensitive to each of the design parameters, except for the stator height. Hence, the stator height was excluded as a design variable for the optimization process. Instead, its reference value was fixed at 18 mm as the optimal value. The other design parameters are accepted as variables in the optimization process because of their torque sensitivity.
The back-EMF of the OR-SPM was obtained by finite-element analysis. All harmonics of the back-EMF were obtained by fast Fourier transform. The THD of the back-EMF value was then calculated for the 22 harmonics by the following equation:
The optimal range of each design parameter was determined for the reference boundary of the magnetic flux density. The highest magnetic flux density value for the reference model was obtained as 1.78 T. The limit value used in determining the optimum parameters was accepted as B limit = 1.85 T. This limit was exceeded in some values of the slot opening height ( h s0 < 0.4). Although smaller torque ripple was obtained for larger average torque for this range, the values less than 4 mm were not included in optimization. Thus, the first step in the process was the determination of the design parameters and their optimal ranges for use in the optimization. 
Optimization with the Taguchi method
The multivariable Taguchi method provides the designer with an efficient approach for doing experiments to determine near-optimal variable values. The process diagram of the system to be optimized is shown in Figure 4 . This process transforms some input/signal factors (M) into an output that has one or more observable response variables (Y). The control factors (X) are controllable, whereas the noise factors (Z) are uncontrollable. The function of the system can be shown in terms of its process diagram, which reflects the output (Y) as a result of the input (M) and other influencing factors (X, Z) on the system [12] .
The relevant factors are the variables that have a direct influence on the performance of the process. The levels are the values that define the conditions of the factors that are held during the experiments. An orthogonal array (OA) is used to design the experiments and describe the trial conditions [12] . An experiment to study these factors is accomplished by using an L18 array as shown below:
where n , i, and x are the number of experiments, the number of levels, and the number of control factors, respectively. The L18 design is called a 'mixed design', in which factors have both two and three levels. The L18 design consists of one factor at two levels and six factors at three levels each (Table 3 ). There are seven control factors (A-G), one of which has two levels and the others have three levels in this optimization problem. These control factors are also known as the design variables. The L18 array is tabulated with the response values in Table 4 . Eighteen experiments with mixed level design are sufficient instead of 27 experiments of single level design. The signal-to-noise (S/N) ratio measures how the response varies relative to the target. To achieve an optimally designed product, two different S/N ratios are calculated using Eqs. (4) and (5) . If the goal is to maximize the response, the S/N ratio is taken as "larger is better" (LIB) and is defined as
If the goal is to minimize the response, the S/N ratio is taken as "smaller is better" (SIB) and is defined as
where n is the number of experiments for each object function and y i is the value of the experiment's response.
The LIB case is related to the objective function of the average torque. The SIB case is related to the objective function of the torque ripple and to the THD of the back-EMF; minimizing the THD is the second main goal of this study. The quality characteristics of the average torque, torque ripple, and back-EMF THD as calculated by the S/N ratio are given in Tables 5-7 , respectively. In addition, Figures 5-7 show the main-effect plots for the S/N ratio according to each design variable. Analysis of variance does not analyze the optimization problem directly, but rather it extracts the relative importance of the design variables. To evaluate the significant effect of the design variables on the responses, the sum of squares (SS) due to various design variables can be calculated by
The SS for the other seven variables ( SS B , SS C , and so on) can be obtained in the same way. These results are summarized in Table 8 . The magnet thickness (B) and rotor height (D) are revealed as the dominant design variables for the average torque. The slot-opening width (E), rotor height (D), and magnet thickness (B) stand out for the torque ripple. The magnet-arc to pole-pitch ratio (A) is revealed as the only dominant design variable for the THD.
If the dominant variables of each response are changed with maximum and minimum values, while the other variables are kept constant at the maximum value for the average torque and the minimum value for the torque ripple and the THD, two combinations for each response are obtained. It is seen that each response varies considerably for the limit values of the dominant variables (Table 9 ). 
Optimal design variables for Taguchi analysis
From Tables 5-7 , it is clear that the design-variable/level combination of A2-B1-C1-D3-E2-F1-G1 maximizes the average torque, A2-B1-C1-D2-E1-F1-G3 minimizes the torque ripple, and A1-B1-C3-D23-E23-F13-G3 minimizes the THD. From Table 8 , the most influential design variables in relation to average torque, torque ripple, and THD are B-D, B-D-E, and A, respectively. It is primarily these variables that are evaluated.
First, evaluation is performed in relation to average torque and torque ripple. The average torque is largest for B, D, and E, whereas the torque ripple is lowest. In addition, variables A, C, and F have the same effects on the average torque and the torque ripple. Variable G has a larger effect on the average torque than on the torque ripple. Therefore, the design variables A2, B1, C1, D23, E1, F1, and G1 are selected to constitute the maximum average torque and the minimum torque ripple.
In addition, design-variable A has a larger effect on the THD than on the average torque or the torque ripple. Thus, design-variable A2 can be replaced with A1. In this case, the THD decreases while the two torque values change. The optimal combination of design variables was determined as A12-B1-C1-D23-E1-F1-G1 for the maximum average torque, the minimum torque ripple, and the minimum THD.
The three optimal responses corresponding to the optimal design variables are given in Table 10 . Four trials are available for two different values of A and D. When design-variable D varies from D2 to D3, the average torque decreases. Similarly, when design-variable A varies from A2 to A1, the THD decreases because A has a larger effect on the THD than on either of the two torque values. The improvements in the average torque, torque ripple, and THD are 23.3%, 33.0%, and 24.5%, respectively. Response #3 is more successful than #1 in terms of the torque ripple and the THD.
Our optimization problem has a multiresponse property that also requires evaluation in order to reveal the optimal design variables. As can be observed, the optimization period is extended because of the abovementioned evaluation process. 
Optimization with gray relational analysis
Gray relational analysis is used for solving interrelationships among multiple response/performance characteristics. In this approach, a gray relational grade is obtained for analyzing the relational degree of the multiple performance characteristics [12] . The normalized S/N ratio z ij for the i th experiment and the j th performance quantity with LIB and SIB can be written respectively as
where y ij is the i th experiment and the j th performance quantity, and max y ij and min y ij are the largest and smallest values of y ij , respectively.
The gray relational coefficient γ Ij = ( x oj (k)-x ij (k)) is calculated for the normalized S/N ratios as
where ∆ ij (k) = |x oj (k)−x ij (k)| is an absolute value, x oj (k) is the ideal normalized value of the j th performance quantity, x ij (k) is the normalized comparability sequence,
| are the smallest and the largest value of ∆ ij (k), and ξ is the distinguishing coefficient defined in the range 0 < ξ < 1. Finally, the gray relational grade (G i ) is computed as
where m is the number of responses.
The average torque is investigated for the LIB condition, whereas the torque ripple and THD are investigated for the SIB condition. The S/N ratios, the normalized S/N ratios, the gray relational grade (GRG), and the gray relational grades are obtained using Eqs. (4), (5), and (7)- (9), respectively. The various calculated values of these quantities are given in Table 11 .
When gray relational analysis based on the Taguchi method is used, the optimal design variables are determined very quickly and easily because of the multiple responses. The multiresponse (T avg , T rip , THD) is reduced to a single response (GRG), in which case the optimal design variables are obtained very quickly. The values and the main effects on the GRG are shown in Table 12 and Figure 8 , respectively. As a result of the gray relational analysis, the design variables can be divided into three groups in terms of their variations. The first group consists of magnet thickness (B) and rotor height (D), and it has the most effective multiresponse. The second group consists of magnet-arc to pole-pitch ratio (A), slot-opening width (E), slot-opening height (F), and air gap (G), and it has a very effective multiresponse.
According to the gray relational analysis based on the Taguchi method, the optimal combination of design variables is A1-B1-C1-D23-E1-F1-G1. Both D2 and D3 were tried for obtaining optimal variable values because design-variable D has a larger effect on the average torque and the torque ripple and has a similar value for the two cases (D2, D3).
The responses that correspond to the optimal design variables are given with two combinations in Table 13 . These two combinations are the same as the third and fourth solutions of the Taguchi analysis. The fuzzy-based Taguchi analysis resulted with five variables in an improvement of 50.8% in the torque ripple [8] , and with eight variables in an improvement of 49.2% in the torque ripple and 11.6% in torque-tomagnet-volume ratio [9] . The improvements in average torque, torque ripple, and THD are 20.6%, 32.0%, and 24.5%, respectively. The torque ripple can be reduced by ensuring that both the THD value and the average torque are remarkably improved in this study.
Conclusion
Eight design parameters, including the stator and rotor heights, were investigated in relation to how they affected the torque behavior of an OR-SPM machine. Excluding the stator height, seven design parameters were defined as design variables with optimal ranges. The Taguchi method was used to realize 18 experiments that used these optimal ranges. The magnet thickness (B) and rotor height (D) were identified as common high-impact design variables for the two responses of average torque and torque ripple. In addition, the slot-opening width (E) was found to be the most effective for minimizing the torque ripple.
The multiresponse that consisted of the average torque, the torque ripple, and the THD was reduced to a single response (GRG). Following this, the optimal design variables were obtained very quickly by using gray relational analysis based on the Taguchi method. The optimal combination of design variables was obtained as A1-B1-C1-D2-E1-F1-G1 according to both the Taguchi method and the gray relational analysis based on the Taguchi method.
A considerable amount of multiresponse improvement was achieved according to the results of the two optimizations. The performance improvements in relation to average torque, torque ripple, and THD were 20.6%, 32.0%, and 24.5%, respectively. In a future study, experimental research can be carried out to support these optimization results.
